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Available online 15 June 2012AbstractWe have been developing an accurate and efficient numerical scheme, which uses the finite-difference method (FDM) in
spherical coordinates, for the computation of global seismic wave propagation through laterally heterogeneous realistic Earth
models. In the field of global seismology, traditional axisymmetric modeling has been used widely as an efficient approach since it
can solve the 3-D elastodynamic equation in spherical coordinates on a 2-D cross-section of the Earth, assuming structures to be
invariant with respect to the axis through the seismic source. However, it has the severe disadvantages that asymmetric structures
about the axis cannot be incorporated and the source mechanisms with arbitrary shear dislocation have not been attempted for a long
time. Our scheme is based on the framework of axisymmetric modeling but has been extended to treat asymmetric structures,
arbitrary moment-tensor point sources, anelastic attenuation, and the Earth center which is a singularity of wave equations in
spherical coordinates. All these types of schemes which solve 3-D wavefields on a 2-D model cross-section are classified as 2.5-D
modeling, so we have named our scheme the spherical 2.5-D FDM. In this study, we compare synthetic seismograms calculated
using our FDM scheme with three-component observed long-period seismograms including data from stations newly installed in
Antarctica in conjunction with the International Polar Year (IPY) 2007e2008. Seismic data from inland Antarctica are expected to
reveal images of the Earth’s deep interior with enhanced resolution because of the high signal-to-noise ratio and wide extent of this
region, in addition to the rarity of sampling paths along the rotation axis of the Earth. We calculate synthetic seismograms through
the preliminary reference earth model (PREM) including attenuation using a moment-tensor point source for the November 9, 2009
Fiji earthquake. Our results show quite good agreement between synthetic and observed seismograms, which indicates the accuracy
of observations in the Antarctica, as well as the feasibility of the spherical 2.5-D modeling scheme.
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An accurate and efficient technique for forward
modeling of seismic wave propagation in a realistic
Earth model is a prerequisite to determining the
Earth’s inner structure by solving the inverse problem.
In spite of the continuing increase in computational
resources in recent years, the forward modeling of full
3-D global seismic wave propagation is still a hard
task and far from being used as a tool to invert
observed seismic data to detect inner structures of the
Earth. Therefore, in the field of global seismology, so-
called axisymmetric modeling has often been
employed. It assumes the global structures to be
axisymmetric with respect to the axis through the
seismic source, and then solves the 3-D elastodynamic
equation in spherical coordinates on a 2-D cross-
section along a great circle of the Earth including
a seismic source and receivers (the 2.5-D modeling
(Takenaka et al., 1998)). The assumption of structural
invariance in the out of plane direction is persuasive
since most of the seismic energy is brought along the
great circle paths from the source to receivers.
Therefore axisymmetric modeling can simulate global
seismic wave propagation correctly considering the 3-
D geometrical spreading effects but with computation
time and memory comparable to the 2-D approach.
This modeling technique is often combined with the
finite-difference method (FDM) which is one of the
best known methods for numerically solving the
dominant equation of seismic wave propagation. After
early work by Alterman et al. (1970) which applied
axisymmetric modeling using the FDM to calculate
the motion of a laterally heterogeneous solid elastic
sphere caused by an impulsive point source, this
approach has been used to simulate elastic waveforms
in global Earth models (Igel and Weber, 1995, 1996;
Igel and Gudmundsson, 1997; Chaljub and Tarantola,
1997; Thomas et al., 2000; Thorne et al., 2007; Jahnke
et al., 2008). However the conventional modeling
cannot be realistic because of the drawback that the
assumption forces the structural models to be
axisymmetric. In addition, seismic sources used in the
preceding computations were restricted to axisym-
metric sources.
Toyokuni et al. (2005) proposed an advanced
method based on axisymmetric modeling which sol-
ves the elastodynamic equation in a newly defined
“quasi-spherical domain” instead of the usual spher-
ical domain, and succeeded in computing a global
seismic wavefield on an asymmetric cross-section of
the Earth. Toyokuni and Takenaka (2006)implemented a moment-tensor point source into the
axisymmetric scheme via the Fourier expansion of the
all field variables in the wave equation. For more
realistic simulations, we then enhanced the accuracy
of the scheme by adopting the so-called effective grid
parameters which enabled us to accurately consider
the position of material discontinuities inside one FD
grid cell (Toyokuni and Takenaka, 2009). We further
introduced the anelastic attenuation, and solved
problems related to the Earth center, which is
a singularity for wave equations in spherical coordi-
nates (Toyokuni and Takenaka, 2012). Our scheme is
based on a framework of axisymmetric modeling but
can treat asymmetric structures and source mecha-
nisms. In order not to mislead by using the word
“axisymmetric”, we call this method the spherical
2.5-D FDM. Although the FDM requires much
computation time compared with quasi-analytic
method such as the reflectivity method, it can calcu-
late complete wavefield including all reflected,
transmitted, and converted body waves, as well as
surface waves. In addition, it simultaneously calcu-
lates wavefield values at all spatial grid points spread
over the cross-section, which enables intuitive
understanding of wave propagation by using wave-
field snapshots.
In this paper, we compare synthetic seismograms
by our 2.5-D FDM scheme with observed waveforms
including data from the intra-Antarctic region that
were sparsely covered by seismic instruments.
Antarctica is known as a window to the Earth’s deep
interior since (1) it is seismically the quietest loca-
tion on the Earth, (2) it has wide extensive covering
over a large distance range which enables the
detection of various seismic phases related to deep
Earth, and (3) seismic waves observed in the
Antarctica arrive after crossing regions within the
Earth that were poorly sampled in the past. We use
data at temporal broadband seismic stations recently
installed in this area as an outcome of the Interna-
tional Polar Year (IPY) 2007e2008. The comparison
can be used for checking not only the feasibility of
the spherical 2.5-D FDM scheme as a tool to inves-
tigate deep inner structures of the Earth, but also the
accuracy of observations on the Antarctic ice sheet.
We use the standard Earth model to show correct
treatment of the source mechanism, anelastic atten-
uation, and the Earth’s center sufficiently reproduce
the observations even on the Antarctic ice sheet.
Such a well-confirmed 1-D structural model can be
a starting model for further 3-D analysis of the
Earth’s interior.
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Global seismic waveform modeling should solve
the following 3-D elastodynamic equation in spherical
coordinates (r,q,f) (see Fig. 1):
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where t is time, r(r,q,f) is the mass density, l(r,q,f) and
m(r,q,f) are the lame´ parameters, and yi(t,r,q,f),
fi(t,r,q,f), sij(t,r,q,f), and _Mijðt; r; q;fÞ ði; j˛fr; q;fgÞ
are components of the particle velocity vector, body force
vector, stress tensor, and first-order time derivatives of the
components of the source moment-tensor, respectively.
Our spherical 2.5-D FDM scheme solves the equa-
tion on a cross-section of the Earth using the quasi-
spherical domain (0 < r < N, p  q  p, p/
2  f  p/2) instead of the usual spherical domain
(0 < r <N, 0  q  p, p  f  p). Conventional
axisymmetric modeling uses the usual spherical
domain, which first has a semicircle with an infinite
radius formed by rotation from q ¼ 0 to q ¼ p, and
then rotation of this semicircle in the f direction
through 2p to cover the whole spherical region. A
cross-section along a great circle of the Earth is
therefore represented by two semicircles located at, for
example, f ¼ 0 and f ¼ p, so that, when a structure is
assigned on either of the two planes, the structure on
the opposite plane becomes symmetrical because of the
framework of the axisymmetricity. On the contrary, the
quasi-spherical domain first has a circle with an infinite
radius formed by rotation from q ¼ p to q ¼ p prior
to rotation in the f direction through p to cover the
whole spherical region. It represents a cross-section
along a great circle of the Earth by only one plane
located at, for example, f ¼ 0. Therefore, we can adopt
an arbitrary asymmetric structural model on this plane
(Toyokuni et al., 2005).
A moment-tensor point source is implemented in the
scheme by taking the Fourier expansion of all field vari-
ables in the elastodynamic equation in the f direction:
aðt; r;q;fÞ ¼ ba 0ðt; r;qÞ þX2
m¼1
bamC ðt; r;qÞcosmf
þbamS ðt; r;qÞsinmf; ð10Þ
where m is the expansion order, a is an arbitrary
component of the field variables which could be
replaced by yi, fi, sij, andMij, and ba 0, bamC , and bamS are the
expansion coefficients with subscripts C and S repre-
senting coefficients of cosine and sine terms. The
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sufficient to take the expansion order up to m ¼ 2, so
that substitution of Eq. (10) into the 3-D elastodynamic
Eqs. (1)e(9) and rearrangement with respect to the
constant, cosine and sine terms yields five closed
systems of partial differential equations which is
equivalent to decomposing the arbitrary moment-tensor
source into five moment-tensor elements: an axisym-
metric element, two purely vertical dip-slip elements
with nonzero components ofM13þM31 andM23þM32,
and two purely strike-slip elements with nonzero
components of M11  M22 and M12 þ M21. We can
calculate the 3-D seismic wavefields excited from the
arbitrary moment-tensor point source by solving the
five partial differential equations using the FDM, and
applying the results in Eq. (10) (Toyokuni and
Takenaka, 2006).
The anelastic attenuation can be taken into account
by applying the method using the so-called memory
variables. The Earth’s anelastic behavior is modeled
via a viscoelastic equation although, in the time
domain, the stressestrain relationship for such media
contains a convolution integral which is difficult to
solve using the FDM. However, a method that replaces
the integral with the memory variables was invented in
the 1980s (e.g., Carcione et al., 1988a,b; Emmerich
and Korn, 1987). Arbitrary values of the quality
factor (Q) can be incorporated into the wave equationFig. 2. Source location and mechanism of the 603.9 km deep Fiji earthquak
of the three-component synthetic and observed seismograms shown in Figvia a viscoelastic model. We adopted an array of Zener
bodies (the generalized Zener body, GZB), and applied
the memory-variable approach for the first time to the
FDM computations in spherical coordinates.
In addition, our scheme treats seismic wavefields
travelling through the Earth center. The usual FD grid
in spherical coordinates has too small a lateral (q)
grid spacing to maintain the stability criterion around
the Earthfs center, apart from which the point is
a singularity of the wave equation in spherical coor-
dinates. Our scheme uses the multidomain, i.e., an FD
grid consists of several subdomains with different
grid spacings to have wider lateral grid spacing with
depth so as not to perturb the FD stability criterion
around the center. The singularity problem is also
avoided by incorporating linear interpolation
considering the symmetry and anti-symmetry of
expansion coefficients with respect to each moment-
tensor element, which enables the calculation of
wavefield variables at the center (Toyokuni and
Takenaka, 2012).
3. Comparison of synthetic and observed
seismograms
We have already checked the accuracy of our FDM
scheme comparing it with the analytical solutions and
the synthetic seismograms calculated using othere on November 9, 2009, and the station map used for the comparison
. 3.
Δ=19.62 Δ=31.19
Δ=31.45 Δ=38.22
Δ=65.57
Δ=66.73 Δ=76.10 Δ=76.56
Δ=80.89 Δ=81.55
Δ=30.46
Δ=78.36
Δ=31.94
Δ=41.86
Fig. 3. Comparison of the three-component synthetic (red lines) and observed (black lines) waveforms at the 30 stations shown in Fig. 2. All
traces were band-pass filtered with corner periods of 30 s and 833 s. The IRIS network and station codes, and epicentral distance are respectively
shown at the top left and right of each frame. In each frame, the top, middle, and bottom pairs of traces are the UD, NS, and EW components,
respectively. [For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.]
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Δ=84.25 Δ=85.50 Δ=90.83
Δ=100.08 Δ=102.60
Δ=121.00 Δ=124.52 Δ=134.25
Δ=138.44 Δ=145.83 Δ=171.31
Δ=110.63
Δ=112.42 Δ=118.68
(continued).
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2005; Toyokuni and Takenaka, 2006, 2009, 2012).
So here we first compare our synthetic seismograms
with observations for checking the accuracy and
applicability of the scheme. One of the advantages of
the spherical 2.5-D FDM is that it enables direct
comparison between the synthetic and observed seis-
mograms because it correctly models 3-D seismic
wave properties. We compare the synthetics with
three-component seismic records observed from all
over the world. As a preliminary result, this time we
use the isotropic preliminary reference earth model
(PREM) (Dziewonski and Anderson, 1981) without
the ocean as a structural model. The simulation is for
the November 9, 2009 Fiji earthquake (603.9 km
depth) with a magnitude of MW ¼ 7.3. We construct
a multidomain composed of seven subdomains with
numbers of lateral grid points varying from 32 (at the
bottom) to 23,328 (at the top). At the free surface,
radial and lateral grid spacings are about 3.3 km and
1.72 km. The total number of spatial grid points on the
cross-section of the Earth is about 1  107. The time
step is Dt ¼ 0.025 s, and we propagate the signal for
5000 s. We use the CMT solution in the Harvard
catalog. A source time function is a bell-shaped pulse
with a width of 30 s, which is consistent with theFig. 4. Intra-Antarctic seismic stations used for the comparison of the UD-c
and red stars indicate the POLENET (network code YT) and AGAP/GAMS
left panel is enlarged in the right panel. [For interpretation of the references
of this article.]source duration of the Fiji earthquake estimated by the
Harvard CMT (half duration of 10.5 s). The observed
three-component broadband (BH) seismograms were
downloaded from the IRIS DMC database and pro-
cessed to remove the instrument response. Fig. 2
shows the source and station location, and source
mechanism.
We show the comparison of the waveforms of the
particle velocity at 30 stations with various epicentral
distances and azimuths in Fig. 3. We can confirm good
agreements on travel times, amplitudes, and wave-
forms for almost all components and stations with
epicentral distances from 20 to 171, although the
synthetic seismograms have been propagated through
a spherically symmetric Earth model. It indicates
excellent accuracy of our FDM scheme because of its
correct treatment of source mechanism, anelastic
attenuation, and the Earth’s center on the current
frequency range.
Next we compare the synthetics with observations
in the intra-Antarctic region to obtain a general view of
the observation accuracy on thick ice sheet. During the
IPY 2007e2008, many temporal seismic stations had
been installed in the intra-Antarctic region by the
international projects. The POLENET (POLar Earth
observing NETwork) is a project to capture the statusomponent synthetic and observed seismograms shown in Fig. 5. Blue
EIS (network code ZM) stations, respectively. The boxed area in the
to colour in this figure legend, the reader is referred to the web version
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whereas the AGAP/GAMSEIS (GAmburtsev Mountain
SEISmic experiment) studies hitherto unsampled
subglacial mountains (Kanao et al., 2009). Fig. 4 shows
the station map used for the comparison. Since hori-
zontal components of seismograms are relatively noisy,
we only compare the UD component. Fig. 5 shows the
results at 16 out of the 30 stations in Fig. 4. Although
the synthetics have been calculated for a spherically
symmetric Earth model, and the observations are from
stations on the Antarctic ice sheet, we can see quite
good agreement on travel times, amplitudes, and
waveforms for all traces up to, at least, the same order
of error in Fig. 3. This result strongly guarantees
sufficient accuracy of observations on the Antarctic iceΔ=65.15
Δ=65.90
Δ=68.92
Δ=69.51
Δ=70.45
Δ=71.22
Δ=71.53
Δ=72.65
Δ=73.37
Δ=74.79
Δ=76.21
Δ=76.26
Δ=77.00
Δ=77.39
Δ=77.70
Δ=78.36
Fig. 5. Comparison of the UD-component synthetic (red lines) and
observed (black dashed lines) seismograms at 16 stations in the intra-
Antarctic region. All traces were band-pass filtered with corner
periods of 30 s and 833 s. The IRIS network and station codes, and
epicentral distance are respectively shown at top left, and right of
each trace. [For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.]sheet. Seen in detail, the comparison indicates slight
differences in travel times and amplitudes for the first
(around 700 s) and second (around 1100 s) peaks,
which correspond to pP and a phase group with S and
ScS. In the current situation, the differential travel
times ScSeS are within 60 s for the elastic case at all
stations, so the phases S and ScS come as a group
ending up by creating the second peak. The compar-
ison shows that the real structure has faster pP and S
wave speeds and larger S amplification than the PREM
along the paths from the source to receivers. The cause
of the differences may be the existence of a region with
fast P- and S-wavespeed anomalies on the cor-
eemantle boundary (CMB) below New Zealand
depicted by recent tomographic studies (Su et al.,
1994; Masters et al., 1996), which is consistent with
the result.
4. Conclusions
We have constructed a numerical scheme based on
the 2.5-D modeling in spherical coordinates which
enables accurate and efficient calculation of global
synthetic seismograms. In this study, the computation
accuracy of our scheme has been guaranteed through
comparison of three-component seismograms at
stations all over the world. We have also succeeded in
checking that the general features of seismic wave-
forms observed on the Antarctic ice sheet can be
reproduced by numerical computation even for the
standard (1-D) Earth model, when the method can
correctly treat a moment-tensor point source, anelastic
attenuation, and the Earth’s center. Good agreement
between synthetic and observed waveforms at all
epicentral distances comes from appropriate consider-
ation of these factors, which are great advantages of
our numerical scheme. This result provides a logical
basis that this 1-D structure can be used as a reference
model to detect lateral heterogeneity of the whole
Earth, by inverting waveform data including observa-
tions on the polar ice sheets. It will be the next step of
our study.
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163G. Toyokuni et al. / Polar Science 6 (2012) 155e164Appendix A. Coordinates transformationFig. A.1. The transformation from the source-centered Cartesian
(x1,x2,x3) or spherical (r,q,f) coordinates to global Greenwich
Cartesian ðx01; x02; x03Þ or spherical ðr0; q0;f0Þ coordinates. A star and
an inverted triangle indicate the seismic source and receiver. The
shadowed plane is a cross-section along a great circle of the Earth
including the source and receiver where the wavefield variables are
calculated using the spherical 2.5-D FDM.Here we briefly describe the coordinate trans-
formation needed to inlay the computed wavefield
variables into the coordinate systems used in obser-
vations for direct comparison of waveforms. Receiver
locations for seismic observation on the Earth’s surface
are given as pairs of the longitude x (positive for E,
negative for W) and latitude l (positive for N, negative
for S) based on the Greenwich meridian and the
equator, where the observed three-component seismic
records are usually defined on local Cartesian coordi-
nates with unit basis vectors pointing upward ðbZÞ,
northward ðbNÞ, and eastward ðbEÞ. Using the global
Greenwich spherical coordinates ðr0; q0;f0Þ with the
origin r0 ¼ 0 at the Earthfs center as shown in Fig. A.1,
a pair (l,x) is easily represented by an alternative
ðq0;f0Þ through the following rules:
q0 ¼ p
2
 l ðA:1Þ

f0 ¼ x ðwhen x 0Þ
f0 ¼ 2pþ x ðwhen x< 0Þ ðA:2Þ
In this coordinate system, locations of the source and
receiver are respectively represented as r0S ¼ ðr0S; q0S;f0SÞand r0R ¼ ðr0R; q0R;f0RÞ. The directions pointed by local
unit basis vectors at the source ðber0S;beq0S;bef0SÞ and the
receiver ðber0R;beq0R;bef0RÞ are, in order, up, south, and east.
Representations of these vectors in global Cartesian
coordinates ðx01; x02; x03Þ, where x03 points the North Pole
and x01 is on the equatorial plane at the Greenwich
meridian, become as follows:
r0S ¼
0
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ðA:5Þ
where re is the Earth’s radius. On the other hand, the
spherical 2.5-DFDMcalculates synthetic seismograms on
a cross-section along a great circle of the Earth including
the source and receiver defined on the global source-
centered spherical coordinates (r,q,f) with unit basis
vectorsber,beq, andbef (see FigureA.1). Using relationships
r0S$r
0
R¼ r2ecosq and r0Sr0R¼befr2e sinq together with Eq.
(A.3), representation of the epicentral distance q and the
unit normal to the cross-section of the FD computationbef
in global Greenwich spherical coordinates are given as:
q¼ arccos sin q0Ssin q0Rcos f0R f0S	þ cos q0Scos q0R
;
ðA:6Þ
bef ¼ 1
sin q
0
@ sin q0Scos q0Rsin f0S cos q0Ssin q0Rsin f0Rcos q0Ssin q0Rcos f0R sin q0Scos q0Rcos f0S
sin q0Ssin q
0
Rsin

f0Rf0S
	
1
A:
ðA:7Þ
The f, i.e., the angle between a longitude line and
the great circle used in the FDM measured counter-
clockwise from south at the source position, and the
same angle at the receiver fd are then obtained from
relationships:
164 G. Toyokuni et al. / Polar Science 6 (2012) 155e164sin f¼bef$beq0S; cos f¼ bef$bef0S; ðA:8Þ
sin fd ¼bef$beq0R; cos fd ¼ bef$bef0R: ðA:9Þ
Finally, the relationships between the unit basis
vectors at the receiver become:0
@ bZbNbE
1
A¼
0
@ ber0Rbeq0Rbef0R
1
A
¼
0
@1 0 00 cos fd sin fd
0 sin fd cos fd
1
A
0
@berbeqbef
1
A: ðA:10Þ
Therefore, the three components of the synthetic
seismograms (yr,yq,yf) calculated by the spherical 2.5-D
FDM in the source-centered spherical coordinates can be
transformed to accord with observations (yZ,yN,yE) as:0
@ vZvN
vE
1
A¼
0
@1 0 00 cos fd sin fd
0 sin fd cos fd
1
A
0
@ vrvq
vf
1
A: ðA:11Þ
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